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GROUND STATES OF CRITICAL AND SUPERCRITICAL 
PROBLEMS OF BREZIS-NIRENBERG TYPE 


MONICA CLAPP, ANGELA PISTOIA, AND ANDRZEJ SZULKIN 


Abstract. We study the existence of symmetric ground states to the super¬ 
critical problem 

—Av = Xv V in Q, u = 0 on dQ, 

in a domain of the form 

n = {{y^z) G X : {\y\,z) G 0}, 

where © is a bounded smooth domain such that © C (0,cxd) x 1 < 

fc < A — 3, A G R, and p = is the {k -h l)-st critical exponent. We 

show that symmetric ground states exist for A in some interval to the left of 
each symmetric eigenvalue, and that no symmetric ground states exist in some 
interval (—oo, A*) with A* > 0 if /c > 2. 

Related to this question is the existence of ground states to the anisotropic 
critical problem 

—div(a(x)V'u) = A6(3^)'U-|- 0 ( 3 :) u in©, r = 0 on 5©, 

where a, b, c are positive continuous functions on ©. We give a minimax charac¬ 
terization for the ground states of this problem, study the ground state energy 
level as a function of A, and obtain a bifurcation result for ground states. 

Key WORDS: Supercritical elliptic problem, anisotropic critical problem, 
ground states, bifurcation. 
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1. Introduction 


We consider the supercritical Brezis-Nirenberg type problem 


(Pa) 

where is given by 


—Av = Xv 

V = 0 


( 1 . 1 ) 


^ ■= {{y,z) G 


t-2 . 


jN-fc-l 


in ri, 
on dfl, 


z) G 0} 


for some bounded smooth domain 0 in ^ such that 0 C (0,oo) x ^ 
l<fc<A — 3, AgM, and 2^ ^ := is the so-called (fc + l)-st critical 

exponent. 

If /c = 0 then = 2* is the critical Sobolev exponent and problem ( [pX] ) 
becomes 


( 1 . 2 ) 


—An = Au-I-|n|^ in 0, 

V = 0 on 90. 
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A celebrated result by Brezis and Nirenberg [I] states that (lEa has a ground state 
u > 0 if and only if A G (0, Ai) and iV > 4, or if A G (A*, Ai) and N = 3, where A* 
is some number in (0, Ai). Moreover, they show that A* = ^ > 0 if 0 is a ball. As 
usual, Am denotes the m-th Dirichlet eigenvalue of —A in 0. 

Problem na) has been widely investigated. Capozzi, Fortunato and Palmieri 
[2] established the existence of solutions for all A > 0 if A > 5 and for all A ^ Am 
if A = 4 (see also [HI El])- Several multiplicity results are also available, see e.g. 
[lITlIHlElESj and the references therein. 

Recently, Szulkin, Weth and Willem [22] gave a minimax characterization for 
the ground states of problem m when A > Ai. They established the existence of 
ground states for A ^ Am if A = 4 and for all A > Ai if A > 5. 

Concerning the supercritical problem ( [pX] ) with fc > 1, Passaseo [I6l[lll showed 
that a nontrivial solution does not exist if A = 0 and 0 is a ball. This statement 
was extended in [^ to more general domains 0, and to some unbounded domains 
in [^. On the other hand, existence of multiple solutions has been established in 

[HdllES]. 

This work is concerned with the existence of symmetric ground states for the 
supercritical problem IpX] ) with fc > 1. Note that the domain fl is invariant under 
the action of the group 0{k + 1) of linear isometries of on the first fc + 1 

coordinates. A function u : 12 R is called 0{k + l)-invariant if v{gy, z) = v{y, z) 
for every g G 0{k + 1), {y,z) G x The subspace 

Aq := {u G Aq(12) : v is 0(fc + l)-invariant} 

of Hq{Q) is continuously embedded in so the energy functional J\ : 

^ R given by 



is well defined. Its critical points are the 0{k + l)-invariant solutions to problem 
( IPaI )- An 0(fc + l)-invariant (P«S')i--sequence for J\ is a sequence {vk) such that 

Ufe G J\(vk)^T and -t 0 in A“^(12). 

We set 

^0(fc+i) ^ Q . gxists an 0{k + l)-invariant (PS')T--sequence for J\}. 

This is the lowest possible energy level for a nontrivial 0{k + l)-invariant solution 
to problem (jp^. An 0{k + \)-invariant ground state of problem (jp^ is a critical 
point V G Aq of J\ such that Aa('p) = ■ Since Jx does not satisfy 

the Palais-Smale condition, an 0(fc + l)-invariant ground state does not necessarily 
exist. 

Let 0 < < Ag^^ < • • • be the 0{k + 1)-invariant eigenvalues of the 

problem 

-Av = Xv in 12, v £ (12)°('=+i), 

\k] 

counted with their multiplicity. Set Aq := 0. We shall prove the following result 
for 0{k + l)-invariant ground states. 

Theorem 1.1. For every 1 < fc < A — 3, the following statements hold true: 

(a) Problem (jp^ does not have an 0{k + l)-invariant ground state if X <0. 
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(b) For each to S N U {0}, there is a number G [Am , with the 

property that problem ( pxj ) has an 0{k + l)-invariant ground state for every 
A G (a£1, , have an 0{k + l)-invariant ground state for 

an?/A G [Am', Am,*). _ 

(c) Let P ■— inax{dist(a:, {0} x : x G 0}. Then, 

(fc-i)=^ 


\[fc] > 


if 3k > N, 


In particular, A[f* >0 if k> 2. 

This last statement stands in contrast with the case k = 0 where a ground state 
to problem (O exists for every A G [0, Ai) if > 4. We also show that Aq^* > 0 
if 0 is thin enough, see Proposition 14.41 

As we shall see, the 0(fc + l)-invariant ground states of problem ( pxj ) correspond 
to the ground states of the critical problem 

(1.3) — div(a(a;)VM) = A&(a:)it + c( 2 :) jwj^ u in 0, u = 0 on 90, 

with 2* = n := dim0, a{xi, ..., Xn) = x\ and a = b = c. 

The critical problem (IE31) with general coefficients a G C^(0), &, c G C°(0) has 
an interest in its own. We study it in section [2] and give a minimax characterization 
for its ground states, similar to that in [22]. We study the properties of its ground 
state energy level as a function of A, and obtain a bifurcation result for ground 
states, see Theorem EB 

Anisotropic critical problems of the form have been studied, for example, by 

Egnell [To] and, more recently, by Hadiji et al. [Tails]. They obtained existence and 
multiplicity results under some assumptions which involve flatness of the coefficient 
functions at some local maximum or minimum point in the interior of 0. Note that 
the function a(xi, ...,Xn) = Xi attains its minimum on the boundary of 0. This 
produces a quite different behavior regarding the existence of ground states, as we 
shall see in the following sections. 

Section la is devoted to the study of the general anisotropic critical problem. In 
section [a we prove a nonexistence result for supercritical problems. It will be used 
in Section [4| where we prove Theorem 11.11 In the last section we include some 
questions and remarks. 


2. Ground states of the anisotropic critical problem 


In this section we consider the anisotropic Brezis-Nirenberg type problem 

_ | 2*-2 

( 2 . 1 ) ' .. 


— div(a(a;)VM) = \b{x)u + c{x) |m|' 

M = 0 


u m 0, 
on 90, 


where 0 is a bounded smooth domain in R", n > 3, A G R, a G C^(0), b,c € 
C°(0) are strictly positive on 0, and 2* := is the critical Sobolev exponent in 
dimension n. 

We take 

1/2 


(2.2) {u,v)^:= / a{x)'Vu-'Vv, 

Je 


w L := 


a{x) [Vwj 
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to be the scalar product and the norm in Hq{Q), and 

1/2 


\b,2 


b(x)i 


2{x) 


1/2* 


to be the norms in Lp'iQ) and (0) respectively. They are, clearly, equivalent to 
the standard ones. 

Let 0 < < A 2 ’^ < Ag’^ < • • • be the eigenvalues of the problem 

—div(a(a;)VM) = Xb{x)u in 0, u = 0 on 90, 
counted with their multiplicity, and 61 , 62 , 63 ,... be the corresponding normalized 


eigenfunctions, i.e. |e 


J lb ,2 


= 1. Set 


bo 


To 


— {b}; ■ — span{ei,..., 6 ^ 7 ^}, 


:= {w e i?d( 0 ) : {w, z)^ = 0 for all z e Zm}, 

:=(-oo,A“’''), and r 7 „ := [A^^ A^'+J if m e N. 

The solutions to problem (EH) are the critical points of the functional Jx : 
Hq{Q) —>• R given by 


:= i ||w||^ - ^ |m|j 2 - ^ Hi. 


If A G Tm we define 

Af\ = A/a(0) := {u € \ ■ J'xHH = b and Jx{u)z = 0 for all z G ^m}- 

This is a -submanifold of codimension to -I- 1 in iLd(0), cf. El]- If A < it 
is the usual Nehari manifold, and if A > it is the generalized Nehari manifold, 
introduced by Pankov in and studied by Szulkin and Weth in EOIEII- Note 
that Jx{z)z < 0 for all z G Zm \ {0}. Clearly, the nontrivial critical points of 
Jx belong to Mx- Moreover, they coincide with the critical points of its restriction 
: -A/a —t K. The proof of these facts is completely analogous to the one given 
in El] for the autonomous case. Set 

iiif Ja. 

A/a 

Following EO] one shows that, for every w £ Ym {0}, there exist unique tx,w G 
(0, c») and zx,w G Zm such that 

and that 

Jx{tx,wW + zx,w) = max Jx{tw + z). 

t>o,zez^ 


Let Sm := {w GVm : |lw 
(2.3) 


= 1} be the unit sphere in Ym- Then, 

ix = inf max Jx (tw + z). 

^> 0 , 

Z^Zm 

As usual, we denote the best Sobolev constant for the embedding ^ 


*) by S'. We set 


i{xy. 


x £0 c(x) 2 



X^H ■■= mf{A £Tm:£x< 


and define 
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Theorem 2.1. For every m G N U {0} the following statements hold true: 

(a) The function A i— > i\ is noninereasing in Tm and 

0<ix< for all X e Tm- 

(b) £\ is attained on M\ if £\ < 

(c) The function A i— > i\ is continuous in Tm and 

lim = 0. 

TT \a,b,c ^ \a,b 

IlCTlCGj '^m+1' 

(d) £\ is not attained if X € (—oo, Aq’^’"^) or X G [A^^,Am^i°), m > 1, and is 
attained if X G (Am^i°, 

Remark 2.2. It follows from part (c) above that bifurcation (to the left) occurs 
at each X‘^. This fact is essentially known and can be obtained by other meth¬ 
ods. However, we would like to emphasize that here we show that our bifurcating 
solutions are ground states. 

Proof of Theorem 2.1. (a): Let X, fj, G Tm. If A < /x then J\{u) > Jfj.{u) for every 
u G Hq{Q). So £\ > £fj, according to (I2.3I1 . This proves that A i —£\ is nonincreas¬ 
ing in Tm- 

If A G Tm and w G Tim we have that 


(2.4) 


max 

t>0, z€Zm 


J\ (tw -\- z) > max J\ (tw) 
t>o 


1 

^ V \< 2 ^ 


> - (- — ^ 

^ V I«^lc2* 


n/2 


n/2 


Using Sobolev’s inequality we conclude that there is a positive constant C such 
that 


max J\(tw + z) > C for all w G Tm. 

t>0, z£Zm 


Therefore, £\ > 0. 

Let (fik G C“(R") be a positive function such that supp((^fc) C i?i/fe(0) and 
/ |V</5fe|^ —>■ J lifikf —^ where Rr(0 = S K" : |x — ^| < r}. Let 

^ e 0 be such that 




a(x)2 

= mm - 

xeO c{x)^~ 


and choose u G K” with |u| = 1 such that v is the inward pointing unit normal at f 
if ^ € 90. Set and Uk{x) := iftix — fk)- Then Uk G Hq{Q) for k large 
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enough, and we have that 


C'l T ^ ^ l^felb,2 

(2.5) m&yi J \ituk) = — ■ 

t>o n \ 




V 




2/2* 


1 i = 

n 


A0~ 


as k 


Hence, £\ < k“’‘^ for A < A“’^. 

Next, we assume that A € with m G N. We hx an open subset 0 of 0 such 
that 6 n = 0 for A: large enough. If z e Zm and z = 0 in 0 then z = 0 

in 0, see [521 Lemma 3.3]. Hence, (fgc(x) jzj^ is a norm in Zm and, since 
Zm is finite-dimensional, this norm is equivalent to ||z||^ . In particular, there is a 
positive constant A such that fg c(x) jzj^ > 2*H ||z||^ for all z G Zm- It follows by 
convexity that, for every t > 0 and every z G Zm, we have 


|tMfe + z|c 2 *= / c(a;) jtufc-I-z|^ -I- / c(a;) |z| 

’ Je^e Je 


2* 


>r / c{x)u% -I-2*r ^ / c{x)uj. ^2 + 2*A||z|| 
Je Je 


Therefore, 

A 2 f 

(2.6) J\{tuk + z) < Jo{tuk) - - \tuk\i ,2 + t {a{x)\/ukVz - Xb{x)ukz) 

z ’ Je 

+ \ (iklla - ^ I^Im) - c(a;)uf-^z - A ||z||^ 

< Jo{tuk) + t / {a{x)\7ukVz — Xb{x)ukz) 

Je 


M c{x)ul' 'z-A\\z\\l . 

Je 

Consequently, 

Jxituk + z)< B{f +1 ||z|L + II^IIJ - CiA + Ijzllf) 


for some positive constants B and C. This implies that there exists R > 0 such 
that J\{tuk -I- z) < 0 for alH > i?, z G Zm and k large enough. On the other hand, 
for t < R, z G Zm and k large enough, since yifc ^ 0 weakly in i7g(0), inequalities 
(12.61) and (12.51) imply that 


J\{tUk + z) < Jo{tUk) + o(I) = -I- o(l). 

This proves that £\ < for A > X‘^’^ and concludes the proof of statement (a), 
(b): Let I\ : S™ —>■ K be the function given by 

/a(w) := J\{tx,wW -I- zx,w)- 
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Then := Ix{w). It is shown in [20l |2T] that Ix G C^(Sm,R)- Since Em 

is a smooth submanifold of Hq{Q), Ekeland’s variational principle yields a Palais- 
Smale sequence {wk) for Ix such that Ix{wk) —>• ix, cf. [Ml Theorem 8.5]. Set 
Uk ■= tx,Wk'UJk + z\,wk- By Corollary 2.10 in m or Corollary 33 in [M], {uk) is a 
Palais-Smale sequence for Jx- Now, Corollary 3.2 in |4] asserts that every Palais- 
Smale sequence (uk) for Jx such that Jx{uk) —)• r < contains a convergent 
subsequence. It follows that ix is attained on Nx if ix < 

(c): Let w € Em. First, we will show that the function A i —> Ixiw) is continu¬ 
ous in Tm- Let fij, n € Tm be such that /ij /i. A standard argument shows that 
Jfij (tw + z) < 0 for every j e N if -I- ||z||^ is large enough. Therefore, the sequences 
and are bounded and, after passing to a subsequence, —>■ to in 

[0, oo) and —>■ zq in 2’m. Hence, 


I 




+ -t Jfj.{toW + Zo) < 


If Jk.itow -I- Zo) < Ifi-iw) then, since 




we would have that, for j large enough. 




Ifj,{w). This proves that A 


max Jf_,. (tw + z) = Jf_,. ,y,w + z^. 

i^0, ZjYi 

which is a contradiction. Consequently, (w) —> 

Ixiw) is continuous in for each w G Em- 

Next, we prove that the function A i —> ix is continuous from the left in Tm. 
Let G Tm be such that /ij < /r and /ij -G /i. Since the inflmum of any family 
of continuous functions is upper semicontinuous and A i —> ix is nonincreasing, we 
have that 


lim sup ify- <i^< lim inf i^.. 

j^oa 

>■ ix is continuous from the left in Tm. 

ix is continuous from the right in Tm we argue by contradic- 


This proves that A i 
To prove that A i- 

tion. Assume there are G Tm such that fij > /x, /Xj -G /x and sup^gpj.^^^. < 
Then i^ < and, by statement (b), there exists Wj G E^ 




Wj + Zfy.yy). Incquality (12.41) asserts that 


such that ifj_^ = 


> 


■H 


— Jfij (f/jj, 


,Wi + z, 




,)> 


1 - 


t^j 


Uj 1^ 2* 


n/2 


This implies that 2 * > e > 0 for all j G N. Denote the closure of Tm in (©) 

by Ym- Since dim(Tm) < oo, the projection Tm©Tm —>■ Ym is continuous in T^ (0). 
Hence, there is a positive constant Aq such that 


i^ ^ JfiiifijWjWj Y Zfy^yjj) 


< 


fl,Wj 




fJs,Wj , 

(l-/x|Wj|^2) + ^(| 
€ 


Ha 




7*'™! lb,2 

x2* 


)- 




\ 2 * 

2* 


L L 

. ■'U.Wj I |2 ^ A 

- ^0^ k3lc.2* ^ ^ 


for all j G N. 









MONICA CLAPP, ANGELA PISTOIA, AND ANDRZEJ SZULKIN 


It follows that is bounded. Hence, {\\z^^Wj ||a) is bounded too. Consequently, 

I 12 

~b — Jfij “t“ Zfj,^Wj') “t“ (/J ~b | ^ 2 

< + z^.^u,.) + 0(1) = + 0(1) < sup^^^. + 0(1) < ifi + 0(1). 

jeN 


This is a contradiction. It follows that the function A i —> i\ is continuous in Tm ■ 
Finally, let /i^ G Tm be such that [ij —>■ Am+i. We have that 


0 < tjlj < (1/^3 ,6^+1 C"l+1 + + 

a 1 

_ jCm+l ( \ 11^ ,,l^ l^^ 

~ 2 + 2 MrW>e'n+i lla ~ rMj.em+l Ib_2'' 


1 I, |2* 

“ 0» r/ij.e^+iem+l + 2 :^j,em+i 


C.2* 


< 


/ij.em+l 




(•^m+1 Mj) ^0 2 * |Cm+llc,2* 


It follows that (t/ij,e„, 4 .i) is bounded and, hence, that 

0 < 4, < - M,) = 0(1). 


This proves that —>■ 0 as —>■ Am+i from the left. 

(d): If A G Tm, A < and w G were such that £a = I\{w) then for 

/j G (A, Am^i'^(0)) we would have that 

k“’° = £fi < I^iiw) < I\{w) = £\, 


contradicting (a). It follows that £\ is not attained if A G [X‘^’’,Xm^^f). Statement 
(b) implies that £x is attained if A G {Xm%‘^, Xm+i)- D 


Recall that a (P«S')T--sequence for J\ is a sequence (uk) in Ho(0) such that 
J\{uk) T and J'xiuk) —>■ 0 in H“^(0). The value £\ is characterized as follows. 

Corollary 2.3. £\ = inf{r > 0 : there exists a [PS)r- sequence for Jx}. 


Proof. The argument given in the proof of statement (b) of Theorem 12.11 shows 
that there exists a -sequence for Jx - To prove that £x is the smallest positive 

number with this property, we argue by contradiction. Assume that t < £x and that 
there exists a (PS')T-sequence for Jx- Then r < and Corollary 3.2 in [4] asserts 
that (uk) contains a subsequence which converges to a critical point u of Jx with 
Jx{u) = T. If r 7 ^ 0 then u G A/a and, hence, £x < t. This is a contradiction. □ 


For the classical Brezis-Nirenberg problem (11.21) (where a = b = c = 1) with 
n > 4, it is known that Aq’„’'^ = 0 and Am_i'^ = Am, the m-th Dirichlet eigenvalue 
of —A in 0, for all m G N. Moreover, £x = for every A < 0, but 

£x < for every A > 0 if n > 5, see (TJ ITTl 1^ . 

As we shall see below, this is not true in general: For the problem (pf ) in Section 
m which arises from the supercritical one, one has that Aq’^’'^ > 0 in most cases, see 
Propositions 14.31 and 14.41 A special feature of that problem is that the value 
is attained on the boundary of 0. A different situation was considered by Egnell 
m and Hadiji and Yazidi m- They showed for example that, if a attains its 
minimum at an interior point xq of 0, 6 = 1 = c, and a is flat enough around xq, 
then Aq’^’"^ = 0 for n > 4, as in the classical Brezis-Nirenberg case. 
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We do not know whether, in general, > 0. But this will be true in the 

special case we are interested in, see Proposition l4.ll The proof uses a nonexistence 
result for the supercritical problem, which we discuss in the following section. 


3. Nonexistence of solutions to a supercritical problem 


Let 0 be a bounded smooth domain in ^ with 0 C (0, oo) x ^ ^ and 
0<k<N -3. Set 

:= {{y, z) € X : i\y\ , z) G 0} 


and consider the problem 


(3.1) 


—Am = Am + |u|^ ^m inn, 

M = 0 on dfl. 


Passaseo [M Hz] showed that, if 0 is a ball, problem (I33D does not have a 
nontrivial solution for A = 0 and p > 2^ ^ := In [5] it is shown that this is 

also true for doubly starshaped domains. 


Definition 3.1. 0 is doubly starshaped if there exist two numbers 0 < to < ti 
such that t G (toi^i) for every lt,z) G 0 and 0 is strictly starshaped with respect 
to ^0 := (to, 0) and to := (ti, 0), i.e. 

{x-fi,ve{x))>0 Va;Ga0\{^i}, i = 0,1, 

where vq is the outward pointing unit normal to 90. 

We denote the first Dirichlet eigenvalue of —A in If by Ai(n). 


Theorem 3.2. If 0 is doubly starshaped, p > 2^ 

2(P-2^,J 


and 


A < 


“^N.kiP 2 ) 


Ai(n), 


then problem en) does not have a nontrivial solution. 


We point out that the geometric assumption on 0 cannot be dropped. Existence 
of multiple solutions to problem (13.11) for A = 0 and p = 2^ ^ in some domains where 
0 is not doubly starshaped has been established in nmna. 

The proof of Theorem 13.21 follows the ideas introduced in o nni E]. Fix T G 
(0, oo) and let ip be the solution to the problem 

f ip'{t)t + {k + l)ip{t) = 1, tG(0, oo), 

\ p(t) = 0 . 

Explicitly, (p{t) = [l — . Note that ip is strictly increasing in (0,oo). 

For y 7 ^ 0 we dehne 

(3-2) Xr{y,z) := {p{\y\)y,z). 


Lemma 3.3. The vector field Xt has the following properties: 

(a) divy^ = N — k, 

(b) (dxr(y,z:) [C] ,C) < max{l - fcp(|y|), 1} for every y G \ {0}, 

Proof. See [m Lemma 2.3] or O Lemma 4.2]. □ 
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Proposition 3.4. Assume there exists t G (0, c») such that \y\ G (t,oo) for every 
{y,z) G and {xr^na) > 0 a.e. on dfl. If p >2^^ and 




^*N,kiP 2) 


then problem em does not have a nontrivial solution. 


Proof. The variational identity (4) in Pucci and Serrin’s paper [19] implies that, if 
u G C^(fl) nC^(r2) is a solution of (|3.1I) and % G then 


(3.3) 


1 

2 



|Vm|^ {X,m)da 



iur + 


+ / (dy [Vm] , Vm) da:, 
Jq 



dx 


where Pn is the outward pointing unit normal to dU, (in the notation of m we 
have taken T{x,u,Vu) = ||Vup — h = x and a = 0). Let x := Xr- 

Then, by Lemma 13.31 

divxr = N — k. 

Moreover, since 1 — k(p{f) < 1 for t G (r, cx)), and |y| G (r, cxd) for every (y, z) G 11, 
Lemma 13.31 yields 


(dXr (y, z) [?], 0 < V(y, z) G H, C e 


By assumption, {xT,nn) > 0 a.e. on dVl. Therefore, if u is a nontrivial solution of 
m we have, using (IT^ . that 


0<(iV-«(4-i 


/n 


|Vu|^ — dx+ \Vuf dx 


that is. 


,2 P 

Therefore, ii p>2’^ f. and 


p 2 N-k 


- -1 A / u'^dx > 

n 


^ J I Vu|^ dx — (iV — A:) A J u^dx, 


1 1 


|Vu| dx. 


2 {p 2 '^ f.) ^ 

A < TT--;-^ mt 


\^kk PjJn 

J^\yu\^dx 2(p-2^_,) 


“^N.kiP - 2 ) ueH^m u^dx 2*^ ,^{p - 2) 


Ai(L!), 


problem m does not have a nontrivial solution in 11, as claimed. 


□ 


The following result was proved in l^. 

Proposition 3.5. If 0 is doubly starshaped then 0 C (to,oo) x and 

(Xtcize) > 0 a.e. on 90, with to as in Definition 13.11 

Proof. See the proof of (4.11) in |5]. □ 


Proof of Theorem \3.‘A The conclusion follows immediately from Propositions 13.41 
and 13.51 □ 












SUPERCRITICAL PROBLEMS OF BREZIS-NIRENBERG TYPE 


11 


4. Existence and nonexistence of symmetric ground states to 

SUPERCRITICAL PROBLEMS 


Next, we come back to our original supercritical problem 
(Pa) 


—Au = Au + inn, 


u = 0 


on dfl. 


where 

n := {(y, z) e X : (|i/| , z) € 0} 

for some bounded smooth domain 0 in with 0 C (0, oo) x ’ 

2(N-k) 


}-k-l 


, 1 < fc < 


N 3, and 

An 0{k + l)-invariant function u : n —> K can be written as u(i/, z) = u{\y \, z) 
for some function u : 0 —>■ R. A straightforward computation shows that 


(4.1) 


Av = 


1 


i{x) 


div(a(a;)VM), 


where a{xi,... ,XN-k) '■= Hence, v is an 0{k + l)-invariant solution of if 
and only if u solves 


(pf) 


kv7..\ - \^k„. , ^k L,|2 -2„, Q 


—div(xi Vm) = Xx^u + Xi \u 
u = 0 


u m 

on 90, 


where 2* = 2^ ^ is the critical exponent in dimension n := N — k = dim(0). So this 
problem is a special case of the problem treated in section[2]with a{xi,,Xn) '■= x\ 
and a = b = c. 

For these functions a, b, c we simplify notation and write , Am , Am|* 

instead of X^^, Am^i'^. Note that 

= ( minxH 

\a:G0 / ^ 


Proposition 4.1. If a := min^ggcci and A < 0, then = s_ 5'"/2 
attained by J\ on Af\ = J\f\{Q). 


Proof. By Theorem 12.11 it is enough to show this for A = 0. Arguing by contra¬ 
diction, assume that Then there exists (p G C“(0) fl A/o(0) such 

that 

Mp) < — = 

n 

Since supp((/3) is a compact subset of (a,oo) x there exists a. g G (a,oo) 

such that supp((/3) C B := {x G RP : (xi — g)"^ + X 2 + ■■■+ x"^ < (a — g)'^} . Hence, 
(fi G J\fo{B). Theorem 13.21 and the discussion given at the beginning of this section 
imply that problem 

—div(xj Vu) = Xi |u|^ u in B, u = 0 on dB 
does not have a nontrivial solution. So, by Theorem 12.11 infjv-jj(B) Jq = = 

But 

n 

hj 

inf Jo < Jo{p) < —5'”/^. 

Mo(B) n 

This is a contradiction. We conclude that 
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Since this value is the same for every 0 such that a := min^ggcri, a standard 
argument shows that is not attained by Jq on Afg = Afo(O). □ 


a:=mina;i, /3:=maxxi. 

xG0 xG0 

Lemma 4.2. For every positive function / S which satisfies 

(4.2) p{a) < t^P{t) and (t) < (a) 'it S [a,/3], 

we have that 

Afi > „i„ zFimL, 

te[a,/3] t^f{f) 

Proof. Let u € Hq{Q), u ^ 0, and set u{x) = f{xi)w{x). Then 
^ x^, |Vu|2 = ^ |Vu;|2 + 

= J^(^xif\i/w\^ - {xiry fw^). 

—{p fit))' 

So, if A < ^t^fit) ^ ^ have that 

JqX^\S/u\^ - XJqX^u^ _ /ea;?/"|Vu;|"-/e [(xjf)'+ AxJ/] fw^ 


(fe^i 


(/qX^/ 2 * Iwf ) 


^ feXif^jVwl ^ a^p{a)^Q |Vw|' 

( C ..h XO* I. 9^/9* 1*9/ \ { C I |2* 


(/e 


a2fc/2*y2(Q,) |y^|2*^ 


= ^ a2'=/"S' > 0 for all u € H^{e),u^ 0. 


This implies that A < and, hence, that 


max,A(to) = l -AJe^’ 

"I (/e*fi«r) 




for all u G iJg (0), u 0. Therefore, = ^5'”/2 for every A < mifogjQ,^^] ^ 

and the conclusion follows. □ 

ffel 

We obtain the following estimates for Aq (,. 

Proposition 4.3. x]y\ > 0 and 

\[fe] > / */2fc > n, 

‘’’*-1 j^{i2*-l)k-2*) zf2k<n. 
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Therefore >0 if k> 2. 


Proof. Proposition 14.II implies that Aq^I, > 0. 

Set f{t) := with ^ < 7 < |. This function satisfies (14.21) and, since 

-(iY'W)' 7(fc-7-l) 

Pfit) 

Lemma 221 implies that 

^[fe] ^ 7(^-7 - 1) 

^ 0 ,* ^ p2 

Now observe that the the function ^{7) := "/{k — 7 — 1) attains its maximum on 
the interval [^, |] at the point 


7* := max 


fc-1 _fc 1 

2 ’ 2* j ■ 


Therefore Ag^]^ > ^(^(7*) = ^7*(fc - 7* - 1), as claimed. 

Finally, note that k > = 7^ if fc > 2. Hence, A[fl. > 0 if fc > 2. □ 


Proof of Theorem \l.l\ Using Corollarv l2.3l it is easily seen that, if v{y, z) = u(|j/|, z), 
then V is an 0{k + l)-inv arian t ground state for problem ( [px| ) if and only if m is a 
ground state for problem {pf ). So Theorem 11.11 follows immediately from Proposi¬ 
tion 01 Theorem o and Proposition 14.31 □ 


The following result shows that Ag^|„ > 0 if the domain is thin enough in the 
cci-direction. 

Proposition 4.4. If ^ then A[fj„ > > 0 for all k > 1. 

Proof. Set f{t) := with < 7 < and write g{t) := t'^f^it) and h(t) := 

Then g'(t) = - 2yt) > 0 and h'{t) = (fc - 

2*7^) < 0 for all t G [a,/?], so / satisfies (14.21) . Since 

t>^f{t) ~ tfee-Td-") ~ t 

Lemma 1421 implies that 

xW ^ lik-lP) 

'^0,* — p 

Now observe that the the function ifipi) := y{k — 7/?) attains its maximum at the 
point 7* Hence, Ag^J, > > 0, as claimed. □ 


5. Some open questions and comments 
Many questions remain open. Here are some of them. 


Problem 1. Concerning problem {pf 

1 ^ o 
0, 


(1) Is it true that Ag^]„ > 0 for any domain 0, and not only for thin domains? 

(2) For m > 1, is Am|* > Am , or is Xm,* = Am as in the classical Brezis- 


Nirenberg case? 
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(3) What happens in general at Is there, or not, a ground state of problem 

for A = J 

Problem 2. Concerning the general anisotropic problem 

(1) Is Ag’^’° always nonnegative? Or are there examples where a ground state 
exists for some A < 0 ? For all A < 0? 

(2) Can one give lower estimates for in some cases? 

(3) Suppose that c G C^(0) in addition to our earlier assumptions. If is 

attained only at points which are non-stationary for o,nd lie on 

the boundary of 0, is it then true that Aq’^’"^ >0 ? 



Two particular cases of (3) are: c = 1, and a = b = c. If the answer is positive 
in the first case, this would be in contrast to the results in [10] and m A positive 


answer in the second case would be a generalization of our results for (pf ). A partial 


answer can be given using Proposition 14.31 Consider, for example, the problem 
(5.1) — div(a(a;)VM) = A6(x)u + |m|^ u in 0, u = 0 on 90, 


where 0 is a bounded smooth domain in K", n > 3, A G R, a G C^(0), b G C°(0) 
are strictly positive on 0, and 2* = Then, the following statement holds true. 


Proposition 5.1. If a{x) > > b{x) for all x G 0 andmin^^Qa{x) = (min^gQXi)^ 

0 for some k >2, then Aq’J’^ > 0 . 


Proof. Let a := min^gQ cci > 0. For every u G ilg (0), u ^ 0, A G [0, A[f*] we have 
that 

fe^ix) |Vu|^ -XfQb{x)u^ ^ JqX^ |Vm|^ - XJqx'[u^ ^ 

/ \ 2 / 2 * — / \ 2 / 2 * ^ 
a2'=/2* (/q|u|2*) 

Hence, A < A“’^ and 


n/2 


/Qa(x)|Vu|^ -XfQb(x)u^ 


V 




2/2* 


It follows from Theorem [2JJ that 




k(n-2) 1 
>02 - 
n 


n/2 


/qX^IVuI -X/qX ^ 
2/2* 


k..2 


n ^ I ^ 


for all A G (—oo, Ag^l,]. 


Hence, by Proposition 14.31 Ag’^’^ > A|f]„ > 0, as claimed. 


□ 
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